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The cell cytoskeleton 

  

Source: J. V. Small 2013–2014 
http://cellix.imba.oeaw.ac.at/cytoskeleton 



  

The cell cytoskeleton 

  Fibroblast Cytoskeleton 
Source: J. V. Small 2013–2014 
http://cellix.imba.oeaw.ac.at/cytoskeleton 

Source: Josef Käs  ;  https://www.uni-leipzig.de 



  

Cytoskeleton and cell motility 

  

T. Risler, Cytoskeleton and Cell Motility, 
in Encyclopedia of Complexity and System Science, Springer NY (2009)  

https://fr.wikipedia.org/wiki/Kinétochore 

Green: Microtubules ; Blue: Chromosomes ; Pink: 
Kinetochores. 

Source: Vic Small 
http://cellix.imba.oeaw.ac.at/cytoskeleton 

Actin Microtubules 



  

Sources of activity 

  

Actin filamentMyosin filament Z-disc

Source: K. Kruse 
http://www.uni-saarland.de 

Source: K. Kruse 
http://www.uni-saarland.de 

T. Risler, Cytoskeleton and Cell Motility, 
in Encyclopedia of Complexity and System Science, Springer NY (2009)  

Source: 
Vic Small 



  

Osmotic pressure 

  

http://chemwiki.ucdavis.edu 

Source: Wikipedia 



  

Depletion interaction and 
microtubule bundles 

  

Depletion forces from the polymer PEG 
induces spontaneous bundling of Microtubule filaments. 
 
Source: S. DeCamp 
http://www.stephenjdecamp.com 



  

Depletion interaction and 
active nematics 

  

Sanchez et al., Nature (2012)  ;  DeCamp et al., Nat. Mat. (2015) 

Scale bars: 50 µm 



  

Nematic topological defects and 
cytoskeleton patterns 

  

http://www.stephenjdecamp.com 

Nedelec et al., Nature (1997) 



  

Numerical simulations 

  

DeCamp et al., Nat. Mat. (2015) 



  

Example of active nematics 

  

Voituriez et al., Europhys. Lett. (2005) 

Kruse et al., EPJE (2005) 
Jülicher et al., Phys. Rep. (2007) 
Risler, Springer Encyclopedia (2009) 

General framework of active gels 

Voituriez et al., PRL (2006) 



  

  Sound detection out of equilibrium 
 

The Hopf bifurcation revisited 

F. Jülicher, J. Prost 
Institut Curie, Paris 

Max-Planck Institute, Dresden 



  

Auditory performances 

Frequency range:             20 Hz - 20 kHz    (Human) 
                                                  Up to 100 kHz     (Bats; Wales) 
 
Frequency discrimination:     Δf/f  ≈  0.2 - 0.5  % 

Nonlinear sensitivity    ;    Active amplification 

  

Dynamic range:              Stimulus:  20 µPa - 20 Pa   (1.000.000 fold) 
                                                  Response:  < 1 nm – 10s nm   (100 fold) 
 
Threshold:                      Thermal-noise limited 
                                                 Vibrations  <  1 nm 



  

Hearing and activity 
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Manley & Köppel, Cur. Op. Neurobiol. (1998) 

Spontaneous Oto-Acoustic Emissions   (SOAE) 

T. Gold, 1948 



  

1-Inner hair cell 
2-Outer hair cells 
3-Tunnel of Corti 
4-Basilar membrane 
5-Habenula perforata  
6-Tectorial membrane 
7-Deiters' cells 
8-Space of Nuel 
9-Hensen's cells 

10-Inner spiral sulcus  
 

Hudspeth, Nature (1989)    (review) 

(R. Pujol, 
http://www.iurc.montp.inserm.fr/cric/audition) 

The human ear 



  

1-Inner hair cell 
2-Outer hair cells 
3-Tunnel of Corti 
4-Basilar membrane 
5-Habenula perforata  
6-Tectorial membrane 
7-Deiters' cells 
8-Space of Nuel 
9-Hensen's cells 

10-Inner spiral sulcus  
 

  

A.J. Hudspeth’s Laboratory 

The sensory cells: the hair Cells 



  
   

Holt & Corey, PNAS (2000) 

  

Corey & Hudspeth, J. Neurosci. (1983) 
Howard & Hudspeth, Neuron (1988) 

Mechano-transduction 



  

1-Inner hair cell 
2-Outer hair cells 
3-Tunnel of Corti 
4-Basilar membrane 
5-Habenula perforata  
6-Tectorial membrane 
7-Deiters' cells 
8-Space of Nuel 
9-Hensen's cells 

10-Inner spiral sulcus  
 

  

Hudspeth, Science (1985) 

A.J. Hudspeth’s Laboratory 

Yamoah et al., J. Neurosci. (1998) 

Ionic fluxes 



  

1-Inner hair cell 
2-Outer hair cells 
3-Tunnel of Corti 
4-Basilar membrane 
5-Habenula perforata  
6-Tectorial membrane 
7-Deiters' cells 
8-Space of Nuel 
9-Hensen's cells 

10-Inner spiral sulcus  
 

  

200 nm!

Jacobs & Hudspeth, 
Cold Spring Harbor Symposia 
(1990) 

Ribbon synapse 



  

5 µm 

A.J. Hudspeth 

5 µm 

P. Gillespie 

 One or many degrees of freedom ? 

The degrees of freedom 



  2 µm 

A. Kozlov, A. Hinterwirth 

Double-laser interferometer 

Kozlov et al., J. Physiol. (2012) 

Kozlov et al., Nature (2011) 



  

J. Baumgart 

≅ 10 nm!

FEM model 



  

Observables 

Coherency!Drag!



  

FEM results 
“Wild-type” cells!

BAPTA cells!

Kozlov et al., Nature 474, 376 (2011)!

Kozlov et al., Nat. Neurosci. (2007)!



  

Stochastic model 



  

Comparison FEM - Analytic 

- Lubrication approximation!
- Very small axial flow!



  

Numerical integration scheme 



  

Relative importance of the drift term 

- Letting evolve for 5 times the largest 
eigenvalue (memory < 1%)!
!
- Time step: gaps between adj. ster. vary 
by less than 5%!



  

Stochastic model results 

Kozlov et al., (2011)!



  

Check of the FEM model 
 
Splaying distances  ≅  1 nm or less 

Kozlov et al., Nature (2011) 

Splaying distances 
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Relative phases 



  

  Experiments 

Howard, Hudspeth, PNAS (1987) 



  

  

  

Martin et al., PNAS (2001) 

€ 

˜ S (ω) = X(ω)X(−ω) Spontaneous oscillations 
      with a preferred mean frequency 

Fluctuation spectrum 

The value of the coefficient !XX could be estimated from the
Brownian motion of a free fiber’s tip. The coefficient !!X,
however, was more difficult to determine. We assumed for
simplicity that the two coefficients were equal: !!X " ! # !XX.
Eq. 12 is then identical to Eq. 6.

Results
Spontaneous Hair-Bundle Oscillations. When bathed in artificial
endolymph, many of the $2,500 hair bundles in the sensory
epithelium of the bullfrog’s sacculus oscillated spontaneously.
As reported by the motion of a flexible fiber attached to the top
of an oscillating hair bundle, the motion consisted of alternating
slow components followed by fast strokes in the opposite direc-
tion (Fig. 1A). The probability distribution of the bundle’s
position was bimodal, with a local minimum near X % 0 (Fig.
1B). This distribution resembles that observed for sound pres-
sure at the frequency of an SOAE from the human ear (28).

Hair-bundle movements fluctuated both in amplitude and in
phase. To characterize these fluctuations, we computed the
autocorrelation function C(t) % &X(t)X(0)' and its Fourier
transform, C̃("), which defines the spectral density of bundle
motion at each frequency # % "!(2$). The spectral density
peaked at a nonzero frequency, here #0 % 8 Hz (Fig. 1C). The
width of the function at half its maximal value, !#0 % 2.8 Hz,
describes the frequency fluctuations around #0, which reflect a
loss in phase coherence of the bundle oscillation. This property
is clearly illustrated by the autocorrelation function (Fig. 1D):

C(t) assumes the form of a damped oscillation that decays
toward zero with a correlation time % % 1!($!#0), 115 ms in this
example.

Active vs. Passive Systems: The Fluctuation–Dissipation Theorem. Are
these properties alone sufficient to determine whether sponta-
neous hair-bundle oscillations are generated by an active pro-
cess? Stochastic displacements similar to those observed could in
principle occur at equilibrium in a system buffeted by thermal
forces. A definitive proof that the observed oscillation is active
must invoke the breakdown of a general thermodynamic prin-
ciple (29). The fluctuation–dissipation theorem (FDT) provides
a useful instance of such a principle that assumes no physical
properties of the system under investigation other than thermal
equilibrium. The theorem asserts that the autocorrelation func-
tion of a passive system is directly related to the system’s linear
responsiveness &(t) to small external forces. The relation may be
written for t ( 0 as

&)t* ' +
1

kBT
dC)t*

dt , [14]

in which kB is the Boltzmann constant and T the temperature
(reviewed in ref. 30).

The Fourier representation of Eq. 14 leads to

C̃)"* ' 2kBT
&̃,)"*

"
. [15]

Fig. 1. Properties of spontaneous oscillations at $8 Hz by a hair bundle from the sacculus of the bullfrog’s inner ear. (A) Monitoring the position of a glass
fiber attached at the hair bundle’s top measured the bundle’s spontaneous movement. This oscillation had a root–mean–square magnitude of 28 nm. The data
were smoothed by forming the running average of a number of points equal to one-fifth of a cycle, and drift in the baseline was subtracted. (B) The probability
distribution of bundle positions was bimodal, with a local minimum near the bundle’s mean position. This histogram is asymmetrical; the bundle spent more
time during negative than positive deflections. (C) The signal’s spectrum displayed a broad peak and was fitted by Eq. 21 (smooth curve). We found D ' 0.14
pN2!s, ( % 9 )N!s!m+1, k ' 80 )N!m+1, and #0 % "0!(2$) % 8 Hz; the ratio (!k ' 115 ms characterized the correlation time of the bundle’s movements. To obtain
the spectrum, we averaged the spectral densities computed from 15 measurements of bundle oscillations, each 2 s in length. The resulting spectrum was further
smoothed by forming the running average of the number of points sampling a 1-Hz frequency band. The error bars specify standard deviations from these mean
values. (D) The autocorrelation function of bundle motion, obtained as the inverse Fourier transform of the spectral density, revealed an average oscillation
frequency of $8 Hz. The signal’s envelope, which relaxed towards zero with an exponential time constant of 115 ms, reflected the period over which the
oscillation’s phase lost coherence. Analog signals were sampled at a frequency of 2.5 kHz. B, C, and D derive from the data shown in A.

14382 " www.pnas.org!cgi!doi!10.1073!pnas.251530598 Martin et al.
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Linear response 

Martin et al., 
PNAS (2001) 

)(~2
)(~)(eff

ωχ
ωωω
ʹ́

=
Tk
C

T
T

B
Effective temperature 

Activity and fluctuation-dissipation 

Martin et al., 
PNAS (2001) 
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Martin, Hudspeth, PNAS (2001) 
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The hair bundle: a critical oscillator 

Sensitivity 



  

  

  
ZZiuuZirZ at
2

0 )()( +−+−≅∂ ω

Poincaré, Andronov, Hopf 

Choe et al., PNAS (1998) 
Camalet et al., PNAS (2000) 
Ospeck et al., Biophys. J. (2001) 
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Hopf bifurcation and normal form 



  

  

  

1/3	
1	

Ruggero et al., J. Acoust. Soc. Am. (1997) Martin, Hudspeth, PNAS (2001) 

Frog Cells Chinchilla Cochlea 

The cochlea: an ensemble of critical 
oscillators? 

1/3	
1	



  
 
  

  Synchronization Transition 
or 

Hopf Bifurcation of 
Coupled Oscillators 

∞→τξ ,

Coupled Oscillators 

ξ

t

)(tC

)()0()( tXXtC =

  

Noisy oscillator 

C(x,t) 

Fluctuations and spontaneous oscillations 



  
 
  

CGLE:  Aranson, Kramer, Rev. Mod. Phys. (2002) 
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Field theory for coupled oscillators 
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Integration 

Renormalization 

Risler, Prost, Jülicher,  PRL (2004)  &  PRE (2005) 



  

  

Elementary diagrams 
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First order flow equations 

Fixed points 



  

  

  

ε−= 4dOne-loop order 
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Risler, Prost, Jülicher,  PRL (2004)  &  PRE (2005) 
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Results 
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Risler, Prost, Jülicher, PRL (2004) & PRE (2005) 

Numerical verification Wood, Broeck, Kawai, Lindenberg, 
          PRL  96, 145701 (2006) 
          PRE  74, 031113 (2006) 

Fluctuation-dissipation 



  

Synchronization Transition 
Hopf bifurcation of coupled oscillators: 
       An out-of-equilibrium phase transition  
 
Renormalization group and flow 
 
New universal properties 

Summary 

Real Systems? 

P. Gillespie 5 µm http://www.ux.his.no/~ruoff/BZ_Phenomenology.html 
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  Morphological instabilities in tissues 
 

A hydrodynamic instability 

M. Basan, J. Prost & J.-F. Joanny 
ETH, Zürick 

Institut Curie, Paris 



  

Epithelia and carcinoma 

Epithelia constitute the most common tissue type throughout the 
body 
 
Over 80% of human tumors originate from epithelia 

Mutlilayred, stratified epithelium 

Epithelium 

Connective 
tissue 

Free surface 

Basement 
membrane 



  

1 

2 

3 

Epithelial undulations 

Wikipedia: Cervical dysplasia 



  
Epithelium 

Connective 
tissue 

Basan et al., PRL (2011) 
 
Risler and Basan, New J. Phys. (2013) 

Epithelial instability 



  
 Foty et al., Development (1996) 
Forgacs et al., Biophys. J. (1998) 

E ⇥ 102 � 104 Pa
� ⇥ 103 � 105 Pa · s
⇥ ⇥ 10 s� 10 mn

Elastic modulus 
Viscosity 
Relaxation time 

Marmottant et al., 
PNAS (2009) � � hours

Guevorkian et al., 
Phys. Rev. Lett. (2010) 
PNAS (2011) 

Gonzalez-Rodriguez et al., 
Science (2012) 

Soft-matter models for 
tissues 

Relaxation and rheology 



  

Foty et al., Development (1996) 
M. Steinberg et al. 

Surface tension 



  

Epithelium:  
Incompressible viscous medium with 
material production 

��v� = kd � ka

⇥���⇥ = 0

�↵� + P �↵� = ⌘ (@↵v� + @�v↵)

Connective tissue (stroma):   Standard viscoelastic medium 

⇥��s
�⇥ = 0

(⌧@t + 1)
�
�s

↵� + P s�↵�

�
= ⌘s

�
@↵vs

� + @�vs
↵

�
@↵vs

↵ = 0

Constitutive equations 



  

kp = kd � ka

z

kp = k exp (�z/l)� k0

v0
z |z=H =

Z H

0
kp(z)dz = 0

H

L

l

z

0

Epithelial source term 

��v� = kd � ka

Epithelium: Incompressible viscous 
medium with material production 

Material production 



  

Upper surface of the epithelium 

Free tangential stress 

Hard-wall kinematic condition vs
↵ = 0

H

L

l

z

0

Boundary conditions 

�nt = 0

Normal stress: Laplace’s law 

�nn = �a �H
00

�s
nn = �nn + �i �h

00Normal stress: Laplace’s law Interface 

Tangential stress: Friction term �s
nt = �nt = ⇠(vt � vst)

Opposite side 



  

Epithelium viscosity 

Rate of cell division 
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Basan et al., PRL (2011) 
Risler and Basan, New J. Phys. (2013)!
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Modes: elastic connective tissue 



  

Interfacial tension 
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Boundary conditions 

Apical surface of the epithelium 

kd � ka = 1⇢� 0

d

Distance d from the interface ⇢s = ⇢̄0

�D@?⇢ = k
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⇢

@t⇢ = Dr2⇢� c ⇢

@t⇢
s = Dsr2⇢s

Risler and Basan, New J. Phys. (2013)!
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Instabilities in crystal growth 
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  Tissue alone with fluctuations 
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Homeostatic pressure Ph
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Spheroids in an agarose gel 
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Homeostatic pressure Ph

Mechanical feedback in development B. Shraiman, PNAS (2005) 

Regulated pressure of tissue growth 
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Figure 1. Growth curves of individual spheroids under stress. (Left) Normalized
volume V (t)/V (0) of individual spheroids as a function of time for the indirect
experiments. The initial diameter is typically D0 = 400 µm. At t = 13 days,
stress is released. (Right) Normalized volume of individual spheroids as a
function of time for the direct experiments. The initial diameter is typically D0 =
200 µm. Points are representative experimental data for individual spheroids
taken out of a larger set of experiments. In the inset, we show the normalized
diameter of individual spheroids as a function of time for P = 0 Pa and
P = 10 kPa. For each condition, N > 3 experiments have been recorded. Points
are experimental data and lines are the results of fits with the two-rate model.
Error bars are the image analysis errors.

One problem in computer simulations is always the relation to real units. Our experimental
results, which we describe in section 3.5, strongly suggest that the bulk division rate kd decays
in the 10 kPa range. Conversely, in the simulations this rate decays exponentially, kd / e�P/P0 .
We choose units in such a way that the characteristic decay pressure P0 = 10 kPa.

3. Results

3.1. Indirect stress measurements

We first carry out indirect stress measurements. A growing spheroid is positioned inside a closed
dialysis bag (diameter 10 mm, Sigma-Aldrich), which is then placed in an external medium
with added Dextran. The dialysis membrane was chosen so that its molecular weight cut-off
(10 kDa) prevents the diffusion of Dextran through its pores. Equilibration of the water chemical
potential results in an osmotic stress and a force acting on the dialysis membrane. This force is
transmitted in quasi-static equilibrium to the spheroid and is calibrated as in [27, 28]. The stress
exerted on the cellular system can be seen as a network stress that tends to reduce the volume
occupied by the spheroid. It acts directly at the cell level and not on the interstitial fluid. Time
lapse images of the spheroids are recorded every 24 h using differential interference contrast
microscopy (Axiovert 100, Carl Zeiss). Those images are automatically analyzed to determine
the evolution of the spheroid diameter D(t) and volume V (t) (figure 1, left). In the absence
of any applied stress, the spheroid reaches a steady state with a typical diameter of 900 µm
corresponding to the balance between the apoptotic core and the proliferating rim as discussed
in previous studies [30, 31]. When Dextran is added to the medium, both the growth rate dV

dt and

New Journal of Physics 14 (2012) 055008 (http://www.njp.org/)

Experiments 



  

Tissue competition and tumor growth 

Homeostatic pressure Ph

Dysplasic tissue Healthy tissue Basan et al., HFSP J. (2009) 

Tissue competition 

Dissipative particle dynamics 
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Dysplasic tissue Healthy tissue 



  

Surface tension 
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P ct � P ht =
2�

r

P ct
h � P ht

h =
2�

rc
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!    Tumor grows 

!    Tumor shrinks 

r > rc

r < rc

M. Steinberg et al. 

Nucleation and metastatic inefficiency Fidler, Nature Rev. Cancer (2003) 
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Compressible medium with stochastic source term 

Epithelium 

H

Close to homeostatic conditions 

@t⇢+ @↵(⇢v↵) = (kp + ⇠c)⇢

h⇠c(r, t)i = 0

h⇠c(r, t)⇠c(r0, t0)i =
kd + ka

⇢
�(r� r0)�(t� t0)

Tissue alone with fluctuations 

�⇢ = ⇢� ⇢h �� = � � �h

kp = �(1/⌧i) (�⇢/⇢h) = (1/⌧i)�c ��



  

Effective Maxwell model 
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@↵��↵� = 0

Correlation and response functions 

C(r� r0, t� t0) = h�H(r, t)�H(r0, t0)i

h�H(r, t)i =
Z

�(r� r0, t� t0)�Pe(r
0, t0) dr0dt0

(1 + ⌧i@t)�� = ⇣v�� � ⇠

(1 + ⌧a@t) �̃↵� = 2⌘ṽ↵� � ⇠̃↵�

Ranft et al., PNAS (2010) 

Tissue alone with fluctuations 



  

kBTe↵(q,!) =
!

2

C(q,!)

�00(q,!)

Thermodynamic limit 

⌘ shear viscosity 

⇣ bulk viscosity 

shear noise amplitude 

bulk noise amplitude 

✓

#

Effective temperature 

Te↵(q,!) ⌘ T for ✓ = 2⌘kBT and # = 2⇣kBT

Long-time limit Passive fluid at Teff, infinitely compressible 

Short-time limit Passive compressible Maxwell elastomere 

Infinite-thickness limit 



  

kBTe↵(q,!) =
!

2

C(q,!)

�00(q,!)

Effective temperature 

Finite thickness in the long-time limit 

T̄e↵

!!

!!

a) 

H̄

0 1 2 3 4 5 6
0.4

0.42

0.44

0.46

0.48

0 1 2 3 4 5 6
0.6

0.61

0.62

0.63

0 1 2 3 4 5 6
0.66

0.68

0.7

0.72

0 1 2 3 4 5 6
0.7

0.72

0.74

0.76

0.78

0 1 2 3 4 5 6
57

61

65

69

0 1 2 3 4 5 6
2.5

2.7

2.9

3.1

T̄e↵

H̄ H̄

b) c) 

d) e) f ) 

T̄e↵ =
2⇣kBTe↵

#

H̄ = qH

Risler, Peilloux, Prost, PRL (2015) 



  

Prost et al., PRL (2009) 

@t �H(q, t) = �⌧(q)�1 �H(q, t) + f(q, t) + ⇠H(q, t)

h�H(q, t)�H(q0, t)i = ⌃(q) �(q + q0)

X(q, t) = �⌧(q)�1⌃(q)�1 �H(q, t)

�00
XX(q,!) =

!

2
CXX(q,!)

Generalized fluctuation-
dissipation relation 

Risler, Peilloux, Prost, PRL (2015) 

In the long-time limit 



  

Analogy with membranes 

In the long-time and long-wavelength limit 

C(q,!) ' 1

H

#+ 4
3✓

(�q2 + q4)2 + !2��2
p

�(q,!) ' � 1

�q2 + q4 + i!��1
p

kBTe↵ ' 1

2

#+ 4
3✓

⇣ + 4
3⌘

Analogous to a membrane 
near a wall with 

permeation constant 

�p =
H

⇣ + 4
3⌘



  

Analogy with membranes 

Equal-time correlation function C(q, t� t0 = 0) ' kBTe↵

�q2 + q4

Collision length h�H(0, t)�H(lc, t)i = H2

Tension-dominated regime �H2 � kBTe↵

�H2 ⌧ kBTe↵Bending-dominated regime 

lc / H

r


kBTe↵
= l

s
�H2

kBTe↵
l =

p
/�

lc / l exp

✓
⇡�H2

kBTe↵

◆

Risler, Peilloux, Prost, PRL (2015) 
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